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Generalized Expanding and Shearing Magnetized
Viscous Fluid Cosmological Model
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We investigate the behavior of a magnetic field in a viscouns fluid cosmological
model where the expansion 6 in the model is proportional to ¢}, the component
of shear tensor ¢, which leads to 4 = (BC)". We also assume that the shear
viscosity is proportional to the rate of expansion in the model. The behavior of
the model in the absence of a magnetic field and viscosity is discussed as are
some other physical and geometrical aspects.

1. INTRODUCTION

It is well known that in the early stages of the universe, when neutrino
decoupling occurs, matter behaves like a viscous fluid. Misner (1967, 1968)
has studied the effect of viscosity on the evolution of cosmological models.
The role of viscosity in cosmology is investigated by Weinburg (1971),
Nightingale (1973), and Klimek (1975). Heller (1974) obiained a dust-filled
viscous universe in general relativity. Belinskii and Khalatnikov (1976)
investigated the effect of viscosity in cosmological evolution. Belinskii and
Khalatnikov (1977) also studied the effect of viscosity in a Friedmann
model in which the coefficient of viscosity is assumed to be a function of
energy density. Roy and Prakash (1976, 1977) investigated viscous fluid
cosmological models in which the two coefficients of viscosity are consid-
ered as constants. Banerjee and Santos (1983) obtained a Bianchi type I
viscous fluid cosmological model in which the coefficients of bulk and shear
viscosity are proportional to the energy density, and the fluid’s shear scalar
is proportional to volume expansion.
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Mohanty and Pattanaik (1991) obtained an anisotropic spatially ho-
mogeneous bulk viscous model of the universe without shear viscosity. Bali
and Jain (1991) obtained a viscous fluid cosmological model filled with a
stiff fluid with shear viscosity but without bulk viscosity. Banerjee et al.
(1985) obtained a Bianchi type I viscous universe where shear and bulk
viscosity coefficients are power functions of the energy density and equa-
tion of state for a stiff fluid (p =¢). Zel’'dovich and Novikov (1971)
investigated the presence of a strong magnetic field exhibited by galaxies
and interstellar spaces, which gives rise to a kind of viscous effect in the
fluid flow (Cowling, 1957). Misner ez al. (1973) investigated a universe in
which there is a strong magnetic field contributing to the total energy of the
system. The coefficients of viscosity decrease as the universe expands.

Bali and Jain (1989) obtained an anisotropic magnetized viscous fluid
cosmological model in general relativity where the free gravitational field is
of Petrov type D and the coefficients of shear viscosity are proportional to
the rate of expansion in the model. Banerjee and Sanyal (1986) obtained
some homogeneous anisotropic cosmological models with viscous fluid and
magnetic field assuming a linear relation between the matter density ¢, the
shear scalar o, and the expansion scalar 6 together with p = ye. Bali (1985)
obtained an expanding and shearing magnetoviscous fluid cosmological
model in which the scalar of expansion 6 is proportional to o}, the
component of the shear tensor ¢/, and the coefficient of shear viscosity is
proportional to the rate of expansion 6 in the model. The assumption
0 c o} leads to 4 =(BC)". Bali (1985) obtained a magnetoviscous fluid
model for n =1.

In this paper we have obtained a generalized expanding and shearing
magnetoviscous fluid cosmological model in general relativity for general
value of n. Various physical and geometrical aspects of the model are
discussed. The behavior of the model in the absence of magnetic field and
viscosity is also discussed.

We consider a cylindrically symmetric metric in the form

ds? = A¥(dx* — dt?) + B*dy® + C dz? (LD

where the metric potentials are functions of time alone. The energy-
momentum tensor is taken to be the sum of the energy momentum tensors
M, corresponding to the viscous fluid (Landau and Lifshitz, 1963) and Ej;,
the electromagnetic field (Lichnerowicz, 1967), given by

Mij = (8 +P)U,-Uj +pgu - 11(0,-;] + vj;i + vjvlvi;[ + U,‘U’Uj;l)
2
“(C _En)v;ll(gij +v,0;) (1.2)

and
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1
Eij = ﬂ{th(Uin + -z-g,-j> - hihj} (13)

where ¢ is the density, p the pressure, n and { are the two coefficients of
viscosity, and v’ is the flow vector satisfying the equation

g = —1 (1.4)

where g is the magnetic permeability and A; the magnetic flux vector,
defined by

h=Y"8, Pty (1.5)
2

where Fy, is the electromagnetic field tensor and ey, is the Levi-Civita
tensor density. A semicolon stands for covariant differentiation; we assume
the coordinate to be comoving so that v’ =0=v?=v? and v*=1/4. We
take the incident magnetic field to be in the direction of the x-axis so that
hy #0, hy =0 = hy = h,. This leads to F,, = F|; =0 by virtue of (1.5). Also
Fiy=F,,= F;, =0 on account of the assumption of infinite conductivity of
the fluid. Hence, the only nonvanishing component of F;; is F,;. The first
set of Maxwell’s equations

Fyp + Figy + Friy =0 (1.6)

leads to F,; = const = H (say).
The field equations

1

R/
2

Rgl + Agl = —8nT (1.7)
for the line element (1.1) are

1( By Cu B:C, A4B4+A4C4>*A

A2\ B~ C  BC T 4B T A4C
A, 2 H?
1 [ Cu Ay A2
A2< c 4 ta)h
2nB, 2 H?
=8n|p— =Syl +— .
n[p 25 (c 3n)v,,+wzc2} (19)
1 _Bu_ Aw A3\
A2\ B T4 " 4?

0C, 2 o
— 8l p— Y = WV R .
"[p AC (C 3 ")”” + 2;13%2] (1.10)
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1 A4B4 A4C4 B4C4
Az(AB ¢ t7ac )TA

HZ
=81‘C(8 +W) (1.11)
The subscript 4 on 4, B, and C denotes ordinary differentiation with
respect to £

2. SOLUTION OF THE FIELD EQUATIONS

Equations (1.8)—(1.11) are four equations in five unknowns 4, B, C,
¢, and p. We assume that expansion (6) in the model is proportional to the
eigenvalue o} of the shear tensor ¢/. This condition leads to

A4 ={BC)" 2.1
From equations (1.8)—(1.10) and (2.1) we have

By , Cu  2B,C,\ BCy By
"(B *T v Bc )" BC B
B, nB, HYBC)"
_ »Bs _nB, HXBC) 22
16nn(BC) 3" B~ 2maBC’ (2.2)
B44 C44 C4 B4
Bu _Cor_1emppeyf 2 -2 2.
e~ S = tompey (G- %) 23)

From equations (2.2) and (2.3) we have

| HBO'(Cu Bu), CuBi_BuCs BCi(Ci B\ 50
2n—1 24B?C? C B ‘

C B CB BC BC
Putting BC = p and B/C =v in equations (2.3) and (2.4), we get

(E‘_":*.) - _161:;7;1"(—“5‘3) (2.5)
v /s v

and
16nH
16mnu”, _—= 2.6
Hag + YO 1y + A2 = i (2.6)
To get a determinate solution, we assume that naf, which leads to
In+1
y= LP:%’E 2.7

where / is a proportionality constant.
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Using (2.7) in (2.6), we get

Uhas + 167l(n + Dp2 + Ku> =0 (2.8)
where
K= -167IH2
i(2n — 1)

Putting p, = f() in equation (2.8), we have
dr? + 32n(n + DI

e [P+ 2Ku—1=0 (2.9)
From (2.9) we get
Ku?
2 —~32n(n+ W _ 2.1
7= mu n 4+ 16n(m + 1)/ (2.10)
where m is a constant of integration.
Using (2.10) in (2.5), we get
Kpa+ D\12) ~fja+1)
= JepuBimi? I AS— .
v=kp T+141 @ tmm (2.1

where f and k are constants of integration and « is an arbitrary constant.
By suitable transformations of coordinates, the metric (1.1) reduces to the
form

2n - o} —p/e + 1)
a’S2=T2"a’X2—T dT2+T1+V{1+f/T} dy?

f? m
o\ /(o + 1)
+ T’~7(1 + T > dz? (2.12)
Jm
where y is an arbitrary constant and
KT
2 el el . 1
Jr=mT iy (2.13)

If n =1, then we get the model obtained by Bali (1985).
In the absence of a magnetic field, the metric (2.12) reduces to
2

mT 2

dS? = T2 4x2 — dTZ + Ti+y)—vie+1) gy2 + T — v+ dz?

(2.14)

Also in the absence of viscosity, the metric (2.14) reduces to

” :
dS?'=T2”dX2——%dT2+ THH2TTgY? 4 TV dZ° (2.15
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3. SOME PHYSICAL AND GEOMETRICAL FEATURES
The pressure and density for the model (2.12) are given by
. ____{(472 +1-99 VKT
> 4T’ 2o +n)y/m (1 +fT%/m)
2 KZ Tz(m + 1) KT2
2( ma T2+ —— )}
4o+ n)?m(1 + fT“/\/m)z T n+a

afq2n—1) 8néf(n+1) K(2n—1)
3T2(n+l) Tn+1 + 4T2 _A (3.1)

and
S =L [(4}2 +1- *yz)f2 y2KT*f
T2 AT o +n)/m (1 +fT%/m)
y2K2T2+ D K(2n —1)
4o+ n)Pm(1 +fT°‘/\/m)] 4T
where f=[mT > — KT?/(n + a)]'~
The model has to satisfy the reality condltlons

() p>0.
(i) e —p 20.

+A (3.2)

Condition (i) leads to
(n+1-97 yKTf
41 20 + 1) /m (1 +fT%/\/m)

2K2 T2(ac~i 1) 1 KTZ
o)

4(ac + n)*m(1 +fT°‘/\/m)2 T n+a
a(2n - 17 8+ 1f K@2n-1)

+ 3T2 + T1~n + 4T2—2n

—AT*">0  (33)

while condition (ii) yields

1 . KT?\ a@n—-1f?  8n(n+1)f
?zﬁi(m“:r 2+n+oc)+ 3T2n+2 + Tn+l

_ which imposes a condition on A. ;
The scalar of expansion, 8 calculated for the flow vector v* is given by

(n+1)f
Trti

—2A <0 (34)

¢ =

(3.5)
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The rotation o is identically zero and the shear is given by

6= 1 [f2(4n2__4n +1+4+3y%) y2K2TXe+ 1
—4T2” 3T2 (OC +n)2m(1 +fox/\/m)2
22KTf ]
* (3.6)
(@ + m)/m (1 + fT%/m)

The nonvanishing components of the conformal curvature tensors are

o 1 |:(1 —92=2n—6m)f* [maT >+ KT?/(n + o)}(2n +3y ~ 1)
127 6T 272 272
yKfT*(3a + 6 — 61 — 2y) + yK*T?+ )60 + 6 — 2y) ] (3.7)
2a +m/m (L4 [T /m) 4o +n)m(1+[T//m)?
cn- 1 l:(l —y?=2n+6m)f* [maT >+ KT?/(n +a))(2n — 3y — 1)
BT er 277 27°
_ KfTH(6+3a+2y —6n)  19K*T** V(6o + 6 + 2y)] (3.8)
20 +n)y/m (VST /m) 4 (& +n)m(1+fT%//m) '
2 I [(2n—1+9y3)f* [maT =2+ KT?/(n + a)}(1 —2n)
Cy= 672" [ T2 - T2

2 @ 22 2(e+ 1
¥ 2 KT + VKT ] (3.9)
(@ +n)/m (L +fT/m) (& +n)2m(1 +fT%./m)?
Hence, the space-time is of nondegenerate Petrov type I in general. For
large values of T, the space-time is conformally flat.
The expression for
E} magnetic energy

¢  material energy
is

E4
?“ =(2n — DKT*"

X{4[(4n+1___,y2)f2_ 'yzKTa+2
I 2o +m)/m (g + /T /m)
,y2K2T2rx+4 K(zn _ 1)T2n ]}—1
- - AT+ 10
4o + n)m(1 +ﬂ’°‘/\/m)2 4 + (3.10)

Since lim,_, E}/e -0, the material energy is more dominant than the
magnetic energy near a singularity. There is a singularity in the model
(2.12) at T =0, which may be explained as a matter distribution along the
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axis which carries an electric current producing the transverse magnetic
field. The model (2.12) starts expanding at 7 =10, goes on expanding
indefinitely, and the expansion in the model stops at 7 = . The nonvan-
ishing components of the conformal curvature tensor for perfect fluid
distributions are given by

1

Cl = T3gzrs (1 =9 = 2n — 6my)] (3.11)
1

c3 = mriimQ — 92— 20 + 6my)] (3.12)
| ;

CR =gz (2 = 1) +97) (3.13)

Hence, the space-time is of Petrov type D for y =0 and » = 0 also, and of
nondegenerate Petrov type I otherwise.

Since lim,_, o /0 # 0, the model does not approach isotropy for large
values of T.
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